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THE CONGRUENCE RELATION IN THE NON-PEL
CASE
OLIVER BU¨LTEL
Abstract. This work settles the Eichler-Shimura congruence re-
lation of Blasius and Rogawski for certain 5-dimensional Hodge-
type Shimura varieties, that were not tractable by previously known
methods. In a more general context we introduce a hypothesis
called (NV C) on the behavior of Hecke correspondences, and show
that it implies the congruence relation. A major ingredient in the
proof of this result is a theorem of R.Noot on CM -lifts of ordinary
points in characteristic p, along with an analysis of the (mod p)-
reductions of various Hecke translates of that CM -lift. Finally we
prove this (NV C)-hypothesis for our particular Shimura 5-folds,
and in doing so we obtain an unconditional result for the congru-
ence relation of these non-PEL examples.
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2 OLIVER BU¨LTEL
1. Introduction
Let G be a connected reductive group over Q. Let X be a G(R)-
conjugacy class of algebraic homomorphisms h : C× → G(R). Accord-
ing to Deligne one calls (G,X) a Shimura datum if the following axioms
are fulfilled:
(S1) The Hodge structure on LieG×R which is determined by h ∈ X
is of type {(−1, 1), (0, 0), (1,−1)}.
(S2) The adjoint action of h(
√−1) on Gad×R is a Cartan involution.
(S3) Gad has no non-trivial Q-factors whose real points are compact.
Let A∞ = Q ⊗ Zˆ be the ring of finite adeles and let K be a compact
open subgroup of G(A∞). Then one attaches to the Shimura datum
(G,X) corresponding Shimura varieties
(1) KMC(G,X) = G(Q)\(G(A∞)/K ×X).
These varieties are known to have canonical models KM(G,X) over
the reflex field E, see body of text for unexplained notions. Write
K as a product KR ×
∏
p/∈RKp for a suitable finite set R of primes,
hyperspecial subgroups Kp ⊂ G(Qp) and a compact open subgroup
KR ⊂
∏
p∈RG(Qp). According to [1] one attaches a Hecke polynomial
Hp ∈ H(G(Qp)//Kp,Q)[t] to each prime p of E, lying over p /∈ R, here
H(G(Qp)//Kp,Q) denotes the convolution algebra of Q-linear combi-
nations of Kp-double cosets of G(Qp). This algebra acts on the ℓ-adic
cohomology of KM(G,X)×E Qalgcl as does the absolute Galois group
of E. The following conjecture is familiar:
Conjecture 1 (Congruence Relation). The Gal(Qalgcl/E)-module
V =
⊕
i
H iet(KM(G,X)×E Qalgcl,Qℓ)
is unramified at all primes p|p with p /∈ R, and one has
Hp(Frobp|V ) = 0
here Hp ∈ H(G(Qp)//Kp,Q)[t] is the pth Hecke polynomial.
The conjecture is suggested by Langlands’ philosophy on global L-
parameters, see [1] for more background information. For the groups
GSp4 and GL2 the congruence relation has been studied by Shimura,
who also observed that in the special case of G = GL2 conjecture 1 can
be used to completely determine the characteristic polynomials of the
elements Frobp, acting on V , and on the subspaces cut out by new-
forms (cf. [6, paragraph 6], [18]).
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More generally, the congruence relation is known to be true for the
Siegel modular variety. The proof, which is explained in [10, chapter 7]
uses in an essential way that KM(GSp2g, h
±
g ) has a moduli interpreta-
tion in terms of principally polarized abelian varieties of dimension g
with level K-structure, which one can use to exhibit an integral model
M/Z. At least at almost all prime numbers p the ℓ-adic cohomol-
ogy of KM(GSp2g, h
±
g ) will be identical to the one of the special fiber
M× Fp which allows to deduce the congruence relation from a cor-
respondence theoretic reformulation involving the geometric Frobenius
correspondence together with the mod-p reductions of the Hecke corre-
spondences (cf. [10, chapter 7, theorem 4.2]). The proof of this, finally
has two parts:
(A) The computational part of the proof shows that certain Hecke
translated points coincide in characteristic p. This result uses
deformations of ordinary abelian varieties in terms of canonical
coordinates of Serre and Tate, cf. [10, chapter 7, proposition
4.1.]
(B) The more conceptual part of the proof needs to establish a
density result for p-isogenies between ordinary abelian varieties.
This is dealt with by modifying the Norman/Oort technique of
displayed Cartier modules of formal groups, cf. [10, chapter 7,
proposition 4.3.].
Observe that assertion (B) is stronger than merely saying that the or-
dinary locus of Siegel space is dense in the special fiber over some prime
p of good reduction, which is an earlier result of N.Koblitz. The object
of this work finally is threefold:
Firstly we generalize statement (A) to arbitrary Hodge type Shimura
varieties KM(G,X)/E by looking at the behavior of CM-points with
ordinary reduction, just as Shimura did this in the GL2-case ( [18,
theorem 7.9]), here we fix an imbedding of the Shimura variety into
Siegel space, and therefore we get an integral model M by taking the
schematic image.
If a modular interpretation of M is not available it is unclear how
to state something to the effect of (B), but we secondly describe a
somewhat weaker condition on the generic finiteness of the Hecke-
correspondences, and assuming its validity we prove the correspon-
dence theoretic congruence relation. Results in [15] enter into this in
an essential way. Here we always assume that the group G is an in-
ner form of a split one, a condition that is vacuous in the Siegel case.
Consequently the reflex field E of our Shimura variety must be Q. We
assume also thatM×Z(p) is well behaved in certain senses which forces
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us to confine our results to ’all but finitely many p’ only.
Thirdly we apply these methods to G = GSpin(5, 2), our main result
being here that the Shimura varieties to groups of this form do sat-
isfy this condition that serves as our analog of (B). The idea of proof
however is different from Chai-Faltings’ proof of (B). Rather than us-
ing deformation theory of formal groups, which in the case at hand
is not available, we consider a slightly bigger Shimura variety which
is PEL, and we argue by using the fiber dimensions of its Hecke-
correspondences, which were computed in [4]. It turns out that these
fiber dimensions are small enough to imply the generic finiteness for
Hecke correspondences of both the original Shimura variety, as well
as the slightly bigger PEL-one. For these two families of examples we
therefore obtain a proof of conjecture 1, for all but finitely many primes
p.
With the exception of the two appendices, this work is based on results
proved in the author’s 1997 Oxford thesis [2, theorem 2.4.5/theorem
3.4.2]. It is a great pleasure to thank my advisor Prof.R.Taylor, further
thanks go to Prof.D.Blasius, Eike Lau, Prof.B.Moonen, Prof.R.Noot
and Prof.T.Wedhorn.
2. Operations on Cosets
In this section we introduce modules S and H of R-valued functions
on p-adic groups, here R is some commutative Q-algebra. We introduce
the operations ∗, S, and |, and explain how to interpret them in terms
of (R-linear combinations of) cosets. Throughout all of the section we
fix a local non-archimedean field k of characteristic 0. We write q for
the order of its residue field and we choose once and for all a uniformizer
π. Finally let | · | be the valuation of k, normalized by |π| = q−1.
2.1. Hecke algebras. Let G be a connected linear algebraic group
over k and let K be a compact open subgroup of the group of k-
valued points of G. Let S(G(k), K;R) be the space of locally constant
compactly supported R-valued functions on G(k). It is well-known that
there exists a unique left invariant functional
S(G(k), K;R)→ R; f 7→
∫
G
fdg
such that ∫
G
1Kdg = 1
here is, for A any set, 1A the function giving value 1 on A and 0
everywhere else. We make S(G(k), K;R) into an algebra without unit
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by defining the product of say φ and ψ to be the convolution
(φ ∗ ψ)(b) =
∫
G
φ(a)ψ(a−1b)da,
of which the associativity is easily checked. It will be useful to know
the effect of ∗ on functions of the form 1A. For convenience write |A|
instead of
∫
G
1Adg.
Lemma 2.1. If the assumptions are as above then one has:
(i) 1g1K ∗ 1g2K = |K ∩ g2Kg−12 |1g1Kg2K
(ii) 1g1K ∗ 1Kg2K = 1g1Kg2K
Proof. It is obvious that the left hand side of (i) can only be non-zero
on the set g1Kg2K. Consider any element in this set and write it as
b = g1k1g2k2, then
(1g1K ∗ 1g2K)(b) =
∫
G
1g1K(a)1g2K(a
−1b)da
= |g1K ∩ bKg−12 | = |(g1k1)K ∩ (g1k1)g2k2Kg−12 | = |K ∩ g2Kg−12 |
because of the left invariance of | . . . |. Property (ii) follows from it
because
1g1K ∗ 1Kg2K = |K ∩ g2Kg−12 |−11g1K ∗ 1K ∗ 1g2K
= |K ∩ g2Kg−12 |−11g1K ∗ 1g2K = 1g1Kg2K

Definition 2.2. Let G, and K be as in the beginning of the subsection.
Then put
H(G(k)//K,R) = 1K ∗S(G(k), K;R) ∗ 1K
H(G(k)/K,R) = S(G(k), K;R) ∗ 1K .
H(G(k)//K,R) is an associative R-algebra with two sided identity el-
ement, called the Hecke algebra of the pair (G,K). H(G(k)/K,R) is a
unital right module under this algebra, containing H(G(k)//K,R) as a
right submodule.
Notice, that the last lemma enables one to identify the convolution
of elements in H(G(k)//K,R) with the products of cosets which is
classically used to define the Hecke algebra. More precisely let gK be
a left coset and KhK be a double coset, write it as finite disjoint sum
of left cosets
⋃
i hiK, and observe the following:
1gK ∗ 1KhK =
∑
i
1ghiK
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Similarly ifKgK is a double coset with left coset decomposition
⋃
j gjK,
then
1KgK ∗ 1KhK =
∑
i,j
1gjhiK .
2.2. Reduction modulo the radical. Let U be the unipotent radical
of G, let M be the quotient of G by U and let L be the image of K
in M(k). Let dm (du) be left-invariant measures on M (on U) such
that L (K ∩ U(k)) gets measure 1. We want to describe a certain
homomorphism
S : S(G(k), K;R)→ S(M(k), L;R)
By choosing a Levi section we may regard M as a subgroup of G. It is
a fact that dg = dmdu i.e.∫
G
φ(g)dg =
∫
M
∫
U
φ(mu)dmdu
for all φ ∈ S(G(k), K;R). Here one has to exercise care with in which
order to put M and U . For this and for all the integration formulas
used in the sequel we refer to [5, IV.4.1]. Now, if we give ourself a
φ ∈ S(G(k), K;R), we define
Sφ(m) =
∫
U
φ(mu)du
Let us check that S is a homomorphism of algebras:
S(φ ∗ ψ)(m) =
∫
U
∫
G
φ(a)ψ(a−1mu)dadu
=
∫
U
∫
M
∫
U
φ(nv)ψ(v−1n−1mu)dndvdu
=
∫
U
∫
M
φ(nv)(
∫
U
ψ(n−1mu)du)dndv
=
∫
M
(
∫
U
φ(nv)dv)(
∫
U
ψ(n−1mu)du)dn
= Sφ ∗ Sψ(m)
The definition of S does not depend on the choice of a Levi section.
Note also that S1K = 1L, so that S induces a homomorphism from
H(G(k)//K,R) to H(M(k)//L,R). In order to compute the effect of
S on cosets we need another lemma:
Lemma 2.3. Let g ∈ G(k), then:
S1gK = 1gL
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Proof. The left hand side vanishes off gL, so consider an element m ∈
gL, i.e. a m ∈ M(k) such that there exists a u0 ∈ U with mu0 ∈ gK,
say mu0 = gk. Then we can compute:
S1gK(m) =
∫
U
1gK(mu)du =
∫
U
1gK(mu0u)du =
∫
U
1gK(gku)du = |K ∩ U | = 1

2.3. Restriction to parabolic subgroups. Assume that G is reduc-
tive and unramified. Assume also that K is a hyperspecial subgroup
of G(k) and let finally P be any parabolic subgroup of G. A function
φ on G(k) may be restricted to P (k). It turns out that this sets up an
algebra homomorphism
|P : H(G(k)//K,R)→H(P (k)//K ∩ P (k), R)
and a |P -linear module homomorphism
|P : H(G(k)/K,R)→H(P (k)/K ∩ P (k), R)
Let us prove this. The left invariant measure of P , normalized in
order to give K ∩ P (k) measure 1 shall be denoted by dp. By the
Iwasawa decomposition one has G(k) = P (k)K, further it is a fact
that dg = dpdk, which means that
∫
G
φ(g)dg =
∫
P
∫
K
φ(pk)dpdk
for all locally constant compactly supported φ. Now consider φ ∈
H(G(k)/K,R), ψ ∈ H(G(k)//K,R), let p0 be in P (k) and compute:
(φ ∗ ψ)(p0) =
∫
P
∫
K
φ(pk)ψ((pk)−1p0)dpdk
=
∫
P
φ(p)ψ(p−1p0)dp
= (φ|P ∗ ψ|P )(p0)
Again it is useful to derive what this means for cosets. Let gK be a
coset, assume that g ∈ P (k). Obviously 1gK |P = 1g(K∩P (k)) then, and
similarly for double cosets.
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3. A Proposition on the Hecke Polynomial
In this section we review the Satake isomorphism of a split reduc-
tive group G over k first. We fix T , a split maximal torus, and B, a
Borel group containing T , throughout. We refer to them as a Borel
pair of G. Consider the corresponding based root datum ψ(G) =
(X∗(T ), X∗(T ),∆
∗,∆∗) (characters, cocharacters, simple roots, simple
coroots), recall that the unique reductive C-group Gˆ with root datum
(X∗(T ), X
∗(T ),∆∗,∆
∗) say with respect to a Borel pair (Bˆ, Tˆ ) is called
the dual of G. Let δ be the character of T which arises by adding all
positive roots.
Finally we recall well-known properties of the Hecke polynomial HG,µ,
which we introduce in this local setting according to [1]. Here µ is a
minuscule cocharacter of G.
3.1. The formalism of the dual group. Let Ω ⊂ Aut(T ) be the
Weyl group of G. Its significance to Hecke algebras stems from the
following:
Theorem 3.1 (Satake). Let T ⊂ B ⊂ G be as above. Let K and Tc be
hyperspecial subgroups of G(k) and T (k). The composition of the three
maps as shown below
H(G(k)//K,C) ˆ−−−→ H(T (k)//Tc,C)
|B
y ·|δ|1/2
x
H(B(k)//K ∩B(k),C) S−−−→ H(T (k)//Tc,C)
is independent of the choice of B. Its image consists of the Ω-invariants
of H(T (k)//Tc,C) and one thus obtains an isomorphism
φ 7→ φˆ
H(G(k)//K,C)→H(T (k)//Tc,C)Ω
Proof. This is shown in [16]. 
This function φˆ on T (k) is called the Satake transform of φ. It is
useful to spell out the following functoriality property of the Satake
transform. The proof is trivial and will be omitted.
Lemma 3.2. Let T , G, and K be as above and let P be a parabolic
subgroup which contains T . Let U be the unipotent radical of P , and let
δP be the character defined by det(ad(t)|LieU). Then the Levi quotient
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M = P/U is split reductive, L = K ∩ P (k)/K ∩U(k) is a hyperspecial
subgroup of M(k) and one obtains a commutative diagram,
H(G(k)//K,C) S◦|P //
ˆ

H(M(k)//L,C) ·|δP |
1/2
// H(M(k)//L,C)
ˆ

H(T (k)//Tc,C)Ω // H(T (k)//Tc,C)ΩM
in which ΩM ⊂ Aut(T ) is the Weyl group of M , and the lowest arrow
is the inclusion of the Ω-invariants into the ΩM -invariants.
We want to bring the dual group into play whose class functions
serve as a source of Ω-invariant elements of H(T (k)//Tc,C). Identify
H(T (k)//Tc,C) with C[X∗(T )] by sending a cocharacter χ : Gm → T
to 1χ(π−1)Tc ∈ H(T (k)//Tc,C). A class function on Gˆ restricts to a
Ω-invariant function on Tˆ . By the very definition of the dual torus the
ring of algebraic functions on Tˆ is our C[X∗(T )]. Finally by a classical
argument of Chevalley the subalgebra of its Ω-invariants consists pre-
cisely of functions which arise from class functions on Gˆ. For example
let χ : Gm → G be a central cocharacter. We have a corresponding
χˆ : Gˆ→ Gm. Under the above considerations the function Gˆ→ C, g 7→
χˆ(g) corresponds to the element χ(π−1) := 1χ(π−1)K ∈ H(G(k)//K,C).
3.2. The Hecke polynomial. Consider a conjugacy class of minus-
cule cocharacters µ : Gm → G. If T ⊂ B ⊂ G is as before, we
may consider the unique representative of that conjugacy class which
has image in T and which is dominant relative to B, that means that
< µ, α >≥ 0 for all positive roots α. We set d =< µ, δ >.
Write µˆ for the corresponding character of Tˆ . Let r : Gˆ → GL(V ) be
the irreducible representation of Gˆ with highest weight µˆ relative to Bˆ
and Tˆ , as in [1].
Definition 3.3. Let G/k be split reductive and µ be a conjugacy class
of minuscule cocharacters of G. Consider the associated representation
r : Gˆ→ GL(V )
Then detV (t − qd/2r(g)) is a monic polynomial in t whose coefficients
are class functions on Gˆ. It thus defines a polynomial
HG,µ ∈ H(G(k)//K,C)[t],
which is called the Hecke polynomial.
The following fact describes a zero of HG,µ in a larger Hecke algebra:
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Proposition 3.4. Let G/k be split reductive with a hyperspecial sub-
group K. Let µ be a minuscule cocharacter of G. Let P be the parabolic
subgroup which is determined by µ, i.e. the biggest parabolic subgroup of
G relative to which µ is dominant. Let M be the Levi quotient of P and
let L be the image of K ∩P (k) in M(k). Let HG,µ ∈ H(G(k)//K,C)[t]
be the Hecke polynomial. Then
HG,µ(µ(π
−1)) = 0
here we regard the equation taking place in H(M(k)//L,C) via the
natural map S ◦ |P : H(G(k)//K,C)→H(M(k)//L,C).
Proof. Let U be the unipotent radical of P . Let δP be the character
defined by t 7→ det(ad(t)|LieU). Choose a Borel pair T ⊂ B ⊂ P . The
Satake isomorphism of G factors through the map S ◦ |P , so that we
may check the requested identity in H(T (k)//Tc,C). We first check
that upon applying
H(M(k)//L,C) ·|δP |
1/2
−−−−→ H(M(k)//L,C)
to the element µ(π−1) we get qd/2µ(π−1). To see this write g = g−1 ⊕
g0 ⊕ g1 for the eigenspace decomposition of the adjoint action of µ on
LieG = g, indexed by {−1, 0, 1} as µ is minuscule. Due to LieP =
g0 ⊕ g1 and LieU = g1, we have
< δP , µ >= dim g1.
Now write g = t⊕⊕α∈Φ gα for the root space decomposition of g. As
µ is dominant we have that < α, µ >= 1 implies α ∈ Φ+, therefore
< δ, µ >=
∑
α∈Φ+
< α, µ >= |{α ∈ Φ| < α, µ >= 1}| = dim g1,
and hence
|δP (µ(π−1))|1/2 = |π−1|d/2 = qd/2.
We have to show that the Satake transform of the element qd/2µ(π−1) ∈
H(M(k)//L,C) is annihilated by HG,µ. Take into account that the
cocharacter µ gives rise to a character µˆ of Tˆ . The element µ(π−1)
corresponds to the function g 7→ µˆ(g). The representation V with
highest weight µˆ has a weight space decomposition V =
⊕
λ Vλ. Let
0 6= x ∈ Vµˆ, so that one has r(g)x = µˆ(g)x, but then detV (qd/2µˆ(g)−
qd/2r(g)) = 0, for all g ∈ Tˆ which is what we wanted. 
Remark 3.5. It is a fact that HG,µ is actually in H(G(k)//K,Q)[t].
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4. A Proposition on CM-points
We write Qalgcl for the algebraic closure of Q in C. In a sense which
will be made precise later we prove that certain Hecke operators act
trivially on the set of mod P-reductions of ordinary CM-points over
Qalgcl. Our exposition of this is inspired by [9].
Then we move on to derive the correspondence theoretic congruence
relation. We do that by appealing to a theorem of R.Noot on the
existence of CM-lifts for ordinary closed points. Hence, we may apply
the theory of complex multiplication to such a CM lift, as the action
of the Frobenius and of Hecke correspondences are controlled by the
CM-type. To deduce the congruence relation one still has to assume
that the correspondences in question have ’no vertical components’ (see
Definition 4.6).
4.1. CM-points. An abelian variety A/Qalgcl is said to be of CM-
type if one (hence every) maximal commutative semisimple subalgebra
of End0(A) has degree equal to 2 dimA. Consider the integral and
rational Tate modules
TpA = lim
←
A[pn],
VpA = Q⊗ TpA
of A. If A has complex multiplication by say L ⊂ End0(A), we also
have a Lp-vector space VpA for every prime p of L above p. These are
the direct summands of VpA that correspond to the idempotents in the
algebra L⊗Qp =
⊕
p|p Lp, which acts on VpA. To (A,L) one attaches
the CM-type, which is by definition the set Σ of algebra morphisms
σ : L→ Qalgcl with non-zero eigenspace in Lie(A), recall also that one
calls the subfield F of Qalgcl generated by the elements {tr(a|Lie(A))|a ∈
L} the reflex field of Σ. Let P be a prime of Qalgcl with valuation ring
O. Then A extends to an abelian O-scheme A, the special fiber of
which we denote by A. Recall finally that the p-rank of A is equal to
dimA if and only if P induces a completely split prime in F , i.e. if the
P-adic completion of F is Qp. We call either A or (L,Σ) ordinary at
P if this is the case. If (L,Σ) is ordinary at P then there exists a set
S of primes of L over p such that Σ = {σ : L → Qalgcl|σ−1(P) ∈ S}.
As in [9, section 4] we define refined Tate modules:
Definition 4.1. Let L be a CM-algebra/Q and let Σ a be CM-type
for L. Let A/Qalgcl have CM by (L,Σ), assumed to be ordinary at P.
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Then we set:
V ′′p A =
⊕
p∈S
VpA
V ′pA =
⊕
p/∈S
VpA
T ′′pA = TpA ∩ V ′′p A
T ′pA = (TpA + V
′′
p A) ∩ V ′pA,
here p always denotes a prime of L over p, and S is the set of p|p with
Σ = {σ|σ−1(P) ∈ S}.
These refined Tate modules make it possible to describe congruences
between CM-abelian varieties:
Lemma 4.2. Let A and B be two abelian varieties over Qalgcl. Let
u ∈ Hom(A,B)⊗ Z[1/p] be a p-isogeny with inverse v ∈ Hom(B,A)⊗
Z[1/p]. Assume A and B have CM by L ⊂ End0(A) = End0(B) with
type Σ. Assume that Σ is ordinary at P. If
u(T ′pA) = T
′
pB , u(T
′′
pA) = T
′′
pB(2)
then by reducing modulo P one obtains isomorphisms u ∈ Hom(A,B),
v ∈ Hom(B,A).
Proof. Write A and B for the extensions of A and B to abelian O-
schemes. Let R ⊂ L be the order which acts on A, let R′′ and R′ be
the images of R⊗Zp in
⊕
p∈S Lp and
⊕
p/∈S Lp. We assume that R⊗Zp
is a direct sum of R′′ and R′, or equivalently, that TpA is a direct sum
of T ′pA and T
′′
pA. This is no loss of generality as we may replace A by
an isogenous abelian variety A∗ which has this property, to then apply
the result twice to isogenies A∗ → A and A∗ → B.
Note that A[p∞] decomposes into a direct sum of p-divisible groups A′
and A′′, corresponding to the idempotents in R′ ⊕ R′′. Let K ⊂ A be
the kernel of (the extension to A of) the isogeny pnu. Let further K′′
be the intersection of K with A′′, and let K′ = K/K′′ be the image of K
in A′. Let B′′ be the p-divisible group A′′/K′′ and B′ be A′/K′. Notice
that the (p-divisible) groups K′′, A′′, and B′′ are multiplicative whereas
K′, A′, and B′ are e´tale, by [20, the´ore`me 3]. From definition one has
a short exact sequence
0→ B′′[p∞]→ B[p∞]→ B′[p∞]→ 0
of which the special fiber splits canonically, consequently K = K
′⊕K ′′.
Moreover, from the assumptions on u one infers K′ = A′[pn], and K′′ =
A′′[pn], it follows that K = A[pn], which is what we wanted. 
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4.2. Shimura subvarieties. We move on to the consequences for the
CM-points on a Shimura variety. We fix a Shimura datum (G,X). An
element h of X is a homomorphism:
h : ResC/RGm → G× R,
which by base change gives rise to
hC : Gm ×Gm → G× C,
the restriction of this to the first copy of Gm is a cocharacter, denoted
by
µh : Gm → G× C,
which is minuscule, by the general framework of Deligne, see [8, 1.1.1]
for more information. Furthermore, by loc.cit one calls the reflex field
E ⊂ C the field over which the conjugacy class of µh is defined, this
field does of course not depend on the choice of h within X .
One calls a specific h ∈ X to have CM if there exists a rational torus
T ⊂ G so that h(C×) ⊂ T (R). If this is the case then one attaches a
reciprocity law r to h as follows: Let F be the reflex field of (T, {h}),
let µh : Gm × F → T × F be the cocharacter to h, and let finally be r
the composite of the maps below:
(F ⊗ A)× µh−−−→ T (F ⊗ A) NF/Q−−−→ T (A)
In analogy to the discussion in subsection 4.1 we say:
Definition 4.3. A CM-type h ∈ X with reflex field F is called ordi-
nary at some prime P of Qalgcl if the prime which it induces in F is
completely split.
If h is ordinary at P then there is an induced imbedding F →֒ Qp.
By base change of µh, an ordinary h ∈ X gives rise to a Qp-rational
cocharacter µh,P : Gm ×Qp → G×Qp. There is a parabolic subgroup
Ph,P ⊂ G × Qp that goes with the cocharacter µh,P in the usual way,
being the largest group for which µh,P is dominant, we set Uh,P for the
unipotent radical of Ph,P, and Mh,P for the centralizer of µh,P.
We also have to fix a level structure, to this end we introduce topolog-
ical rings:
Zˆ =
∏
p
Zp
A∞ = Q⊗ Zˆ
A = A∞ ⊕ R
and consider some compact open subgroup K ⊂ G(A∞). Once a
smooth connected extension of G to a group Z-scheme G is fixed one
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can conveniently decompose K into a product KR ×
∏
p/∈RKp, with R
some sufficiently big finite set of primes, KR some compact open sub-
group of
∏
p∈RG(Qp), and Kp = G(Zp) hyperspecial.
Now let KM(G,X) be a canonical model in Deligne’s sense. It is an
algebraic variety over E with certain nice properties. Most notably
one has that the complex points of KM(G,X) are parameterized by
the double quotient:
KMC(G,X) = G(Q)\(G(A∞)/K ×X),
i.e. for any g ∈ G(A∞) and h ∈ X the G(Q)-orbit of the pair gK × h
is a point x on KMC(G,X). We denote this point by x = [gK × h]. It
is called a CM point if h has CM , and the significance of those stems
from them being rational over Qalgcl and satisfying the formula:
τ([gK × h]) = [r(t)gK × h]
where τ is an element of the absolute Galois group of F with abelian-
ization equal to the Artin symbol of the idele t ∈ (F ⊗ A)×, our nor-
malization of class field theory does follows that of Deligne (as did our
discussion of the Hecke polynomial). One further bit of notation: If
x = [gK × h] ∈ KMC(G,X) is a CM point, we denote by µx,P the
cocharacter g−1p µh,Pgp, where gp is the component at p of the adelic
group element g, it is easier to work with µx,P than with µh,P as it
depends only on x and not on a choice of representation [gK × h], the
same applies to Px,P, Ux,P, and Mx,P.
Before we state the result of this section we need to consider em-
beddings of KM(G,X) into Siegel space: For any positive integer g,
we endow Z2g with the standard antisymmetric perfect pairing. We
write GSp2g for the reductive group Z-scheme of symplectic simil-
itudes of Z2g, and h±g for the Siegel double half space of genus g,
(GSp2g × Q, h±g ) is a Shimura datum. From now on we assume that
(G,X) is a datum of Hodge type, which means that there exists an
injection i : G →֒ GSp2g×Q of algebraic groups such that i carries the
conjugacy class X to the conjugacy class h±g . Recall from [7, proposi-
tion 1.15.]:
Lemma 4.4. Let i : (G,X) →֒ (G′, X ′) be an imbedding of Shimura
data. For every compact open subgroup K ⊂ G(A∞) there exists a
compact open H ⊂ G′(A∞) containing i(K) and small enough in order
to make the induced mapping
KMC(G,X)→ HMC(G′, X ′).
a closed immersion.
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Whenever groups K, and H with properties as in the lemma are
given, we regard KMC(G,X) (resp. its canonical model KM(G,X) over
the reflex field E ⊂ C) as a Shimura subvariety of HMC(G′, X ′) (resp.
HM(G
′, X ′)×E′E). In particular we obtain canonical models of Hodge
type Shimura varieties KM(G,X) as subvarieties of HM(GSp2g, h
±
g )×
E, cf. [8, crite`re 2.3.1.], [7, corollaire 5.4.]. To make things more explicit
observe that H can be written as HQ ×
∏
p/∈QGSp2g(Zp) where Q is a
sufficiently big finite set of primes containing R, and HQ is some com-
pact open subgroup of
∏
p∈QGSp2g(Qp). Write n for the product of the
primes in Q. Observe also that the canonical model HM(GSp2g, h
±
g )
over its reflex field Q has a moduli interpretation in terms of abelian va-
rieties with level H-structure suggesting an extension to a scheme over
SpecZ[ 1
n
]: Based on considerations in [14, chapter 5] we consider the
functor giving to some base scheme X/Z[ 1
n
] (connected and equipped
with a choice of geometric point x→ X) the set of Z[ 1
n
]-isogeny classes
of triples (A, λ, η¯)/X . Here is
• A/X a g-dimensional abelian scheme,
• λ a homogeneous polarization of A/X , containing at least one
member of degree a unit in Z[ 1
n
],
• η¯ a π1(X, x)-invariant HQ-orbit of a family of isomorphisms
η = (ηp)p∈Q :
∏
p∈QQ
2g
p →
∏
p∈Q Vp(A ×X x) taking for each
p ∈ Q the standard antisymmetric pairing on Q2gp to a multiple
of the λ-induced Weil pairing on the Q-tensorized p-adic Tate
modules of the fiber of A/X over x.
We write Ag,H, for the coarse moduli scheme of this functor, it exists
and is quasiprojective over Z[ 1
n
] by [11, theorem 7.9]. We write Ag,H
for its generic fiber, Ag,H,p and Ag,H,p for stalk and fiber over any prime
p 6 |n. By removing the non-ordinary locus in Ag,H,p we obtain open
subschemes A◦g,H,p ⊂ Ag,H,p, and A
◦
g,H,p ⊂ Ag,H,p.
As observed in [3, lemma 2.2/remark 2.3] a CM point x ∈ KMC(G,X)
has ordinary mod-P reduction on Ag,H if and only if h is ordinary at P
in the sense of definition 4.3. With this preparation we can now state:
Lemma 4.5. Let (G,X) →֒ (GSp2g, h±g ) give rise to a Shimura sub-
variety M = KM(G,X) →֒ Ag,H × E. Let M →֒ Ag,H × OE be the
schematic closure of M in Ag,H × OE. Let O be a valuation ring of
Qalgcl with its maximal ideal P not containing n. Let x = [gK × h] ∈
M(Qalgcl) be a CM-point with ordinary reduction at P. Then the
cocharacter µx,P is well-defined, we have for all u ∈ Ux,P(Qp):
• The Qalgcl-points [gK × h] and [guK × h] extend to O-valued
points of M.
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• Their special fibers [gK × h], and [guK × h], which are thus
defined, are equal.
Proof. By standard arguments of [19] one finds that CM points have
good reduction on Ag,H × OE , and likewise on M, cf. [3, lemma 2.1].
This shows the first assertion.
To do the second, observe that in terms of the moduli interpretation the
point x gives birth to the isogeny class of an abelian variety A/Qalgcl
with a homogeneous polarization Qλ and a full level structure η. More-
over, A has CM say by the type (L,Σ) with reflex F . The type will
generate a decomposition Q2gp = V
′ ⊕ V ′′, as we assumed that P in-
duces a completely split prime of F . It is not difficult to see that the
p-component of the reciprocity law is the map Q×p → GSp2g(Qp) act-
ing trivially on V ′ and acting with weight 1 on V ′′, and our unipotent
subgroup Ux,P consists of all symplectic similitudes which preserve the
maximal isotropic subspace V ′′. We shall look upon Ux,P(Qp) as a sub-
group of GSp2g(A
∞) placing 1’s at all components different from p. Im-
plicit in the identification HM(GSp2g, h
±
g ) = Ag,H is the lattice Z
2g ⊂
Q2g. The isogeny class of (A,Qλ, η) contains a unique member with
η(Zˆ2g) = H1(A, Zˆ). Similarly, the isogeny class of xu = (A,Qλ, η ◦ u)
contains a unique member B with η(u(Zˆ2g)) = H1(B, Zˆ), i.e. there
exists a φ ∈ Hom(A,B)⊗Z[1/p] so that it compares B to A as follows:
A∞2g −−−→ H1(A,A∞)
u
x φ
y
A∞2g −−−→ H1(B,A∞)
The assumption on u leads φ to satisfy the conditions of lemma 4.2,
so that we get an isomorphism A ∼= B. Note finally that the level H
structure which is determined by η will not be altered by u as the latter
is placed in the p-component of the adele group. We can thus conclude
that [guK × h] = [gK × h]. 
4.3. Main theorem. Our aim in this subsection is to construct ele-
ments in rings of correspondences Cfin, and Crat, see appendix A.1 for
their definition and some properties. We define the (NV C)-condition
so that we can state and prove the congruence relation.
We keep our (G,X) and retain assumptions on K = KR ×
∏
p/∈RKp
from subsection 4.2. In addition we assume that the group G(Q) acts
without fixed points on G(A∞)/K × X . Level structures which fulfill
this are called neat. This ensures that the Shimura variety KMC(G,X)
is smooth. For every adelic group element g we can consider the open
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compact subgroups K, gKg−1 and K ∩ gKg−1, giving rise to Shimura
varieties with these level structures. Multiplication by g from the right
gives an isomorphism from gKg−1M(G,X) to KM(G,X) and we there-
fore obtain a map
K∩gKg−1M(G,X)→ KM(G,X)× KM(G,X), x 7→ (x, xg).
The push forward of the fundamental cycle of K∩gKg−1M(G,X) by this
map is an element of Cfin(KM(G,X),KM(G,X)) which we will denote
by [KgK], we write T (g) ⊂ KM(G,X)×EKM(G,X) for the support of
[KgK]. By Q-linear extension one gets a map ι : H(G(A∞)//K,Q)→
Q⊗Cfin(KM(G,X),KM(G,X)) from the assignment 1KgK 7→ [KgK].
It is a homomorphism of algebras, we write ιp for the restriction of ι
to H(G(Qp)//Kp,Q), here note that to any factorization of K into
KR ×
∏
p/∈RKp we have a canonical factorization of H(G(A∞)//K,Q)
into
H(
∏
p∈R
G(Qp)//KR,Q)⊗
⊗
p/∈R
H(G(Qp)//Kp,Q).
Let OE be the ring of integers in E. By an integral model of KM(G,X)
over OE we mean a separated, smooth OE-scheme M that is equipped
with an isomorphism M ×OE E ∼= KM(G,X). If M is an integral
model and p a prime of OE , we write Mp and M p for stalk and fiber
of M over p. Integral models exist and any two ones M1 and M2 are
generically the same, i.e. there exists an integer n and an isomorphism
M1 × Z[ 1n ] ∼=M2 × Z[ 1n ] inducing the identity on the generic fiber, in
particular one has M1,p ∼= M2,p and M 1,p ∼= M2,p for all but finitely
many primes. Once an integral model of KM(G,X) is chosen we write
T (g) for the Zariski closure of T (g) in M×OE M, similarly we define
Tp(g), and T p(g)
Recall that a morphism p : X → Y between varieties is called gener-
ically finite if for every generic point η of X the residue field k(η) is
a finite extension of k(p(η)). The main result of this section is the
following, Hp(t) stands for the polynomial, that was denoted HG×Qp,µ
in section 3.
Definition 4.6. Let KM(G,X) over E be the canonical model coming
from a Shimura datum (G,X), and neat level structure K. Let M be
an integral model. We say that KM(G,X) has no vertical components
(NV C) if for all but at most finitely many exceptional primes p|p of
OE, the two projection maps from T p(g) to M p are generically finite
for all g ∈ G(Qp). By the previous remarks this does not depend on
the choice of M.
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Theorem 4.7. Let G be a reductive Q-group which is an inner form
of a split one. Let (G,X) be a Shimura datum of Hodge type. Let K
be a neat level structure, and let M = KM(G,X) be the corresponding
canonical model over Q. Assume that it has (NV C), and let M/Z be
an integral model. Then one has for all but a finite number of rational
primes p:
• ιp is a Q-linear map from H(G(Qp)//Kp,Q) to the Q-vector
space of correspondences Q⊗ C(Mp,Mp).
• Denote by ιp the precomposition of ιp with the specialization
map σ : Q ⊗ C(Mp,Mp) → Q ⊗ C(Mp,M p) as introduced in
appendix B. Up to rational equivalence (in the sense of defi-
nition A.1) ιp is a ring homomorphism, and in the Q-algebra
Q ⊗ Crat(M p,M p), the equation ιp(Hp)(Γp) = 0 holds, where
Γp ∈ Cfin(Mp,Mp) is the geometric Frobenius correspondence.
Proof. As (G,X) is a Hodge type datum, we can choose an integer g,
and an imbedding i : G →֒ GSp2g×Q carrying X to h±g . By lemma 4.4
there exists a level structure H ⊂ GSp2g(A∞) in order to obtain a
closed immersion of canonical models M →֒ Ag,H. Let Q be a finite set
of primes, such that:
• the base change to Z[∏p∈Q p−1] ofM and of the Zariski closure
of M in Ag,H coincide,
• H and K have factorizations HQ×
∏
p/∈QGSp2g(Zp), and KQ×∏
p/∈QKp, and Kp is hyperspecial,
• when writing M ◦p for the intersection of M p with A
◦
g,H,p, then
M
◦
p is Zariski dense in M p, for all p /∈ Q,
• the set of exceptional primes referred to in definition 4.6 is con-
tained in Q,
Except for the density condition it is clear, that a finite set Q of
primes as above exists. The density at all but finitely many primes,
finally is a result in [3, theorem 1.1], see also [21, p.577]. The assertion
ιp(H(G(Qp)//Kp,Q)) ⊂ Q⊗C(Mp,Mp) is an immediate consequence
of the following easy auxiliary lemma, we denote by M◦p, and T ◦p (g)
the intersection of Mp, and Tp(g) with A◦g,H,p and A◦g,H,p ×A◦g,H,p.
Lemma 4.8. Let p be a prime not in Q, let g be an element in G(Qp).
In this situation one has:
(i) the two projection maps p1, p2 : Tp(g)→Mp are proper.
(ii) the two projection maps p1, p2 : Tp(g)◦ →M◦p are finite.
Proof. For Siegel space Ag,H both facts are well known, (i) follows from
the valuative criterion of properness in [13, corollaire 7.3.10(ii)], and
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(ii) follows from the quasi-finiteness of the maps in question, together
with (i).
We deduce from this the corresponding results for the Zariski closure of
the Shimura subvariety. The element i(g) ∈ GSp2g(Qp) defines closed
subschemes Tp(i(g)) and T ◦p (i(g)) of Ag,H,p×Ag,H,p and A◦g,H,p×A◦g,H,p.
Consider the diagram
Tp(i(g)) −−−→ Ag,H,p ×Ag,H,p −−−→ Ag,H,px
x
x
Tp(g) −−−→ Mp ×Mp −−−→ Mp
It shows that the composition of Tp(g) →Mp with Mp → Ag,H,p is a
proper map, which is enough to prove as all the involved schemes are
separated. The same argument applies to part (ii). 
We write Ai ∈ H(G(Qp)//Kp,Q) for the coefficients of the Hecke
polynomial Hp(t) =
∑
iAit
i. In order to prove the theorem it suffices
to show that the Q⊗C(M p,Mp)-element given by
∑
i ιp(Ai)Γ
i
p vanishes
for all p /∈ Q (N.B.: this is well-defined, since Γp lies in Cfin(M p,M p)).
To this end we appeal to lemma A.6. If one restricts Hecke corre-
spondences to the ordinary locus they are finite by lemma 4.8, so the
assumptions of lemma A.6 are fulfilled if one base changes to the al-
gebraic closure Falgclp . Pick any x ∈ M
◦
p(F
algcl
p ). By [15, corollary 3.9]
one can find a lifting to a O-valued CM-point x, here O is a valuation
ring of Qalgcl corresponding to some prime P|p of Qalgcl. The generic
fiber of x is of the form x = [gK × h], and thus gives rise to a rational
torus T ⊂ G, and a cocharacter µx,P. The coefficients of the Hecke
polynomial are Kp-invariant Q-linear combinations of left Kp-cosets of
G(Qp) that can be written as expressions of the form
Ai =
∑
j
n
(j)
i g
(j)
i Kp ∈ H(G(Qp)//Kp,Q),
where the elements g
(j)
i can be chosen in Px,P(Qp). In a preliminary
step we show that
σ(
∑
i,j
n
(j)
i γ
i
P([gg
(j)
i K × h])) = 0
where γP ∈ Gal(Qalgcl/Q) is a Galois element that preserves O and
induces the arithmetic Frobenius substitution on O/P. By using the
reciprocity law it is equivalent to check that:
(3) σ(
∑
i,j
n
(j)
i [gµx,P(p
−i)g
(j)
i K × h]) = 0
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The idea is to alter the group elements g
(j)
i in a way which is justified by
lemma 4.5. Let m
(j)
i be the image of g
(j)
i in Mx,P(Qp). The lemma 2.3
gives the image of the coefficients Ai of the Hecke polynomial under
the map S ◦ |P , they are equal to:
S(Ai|P ) = S(
∑
j
n
(j)
i g
(j)
i (Kp ∩ Px,P(Qp))) =
∑
j
n
(j)
i m
(j)
i Lp
here Lp is the group Ux,P(Qp)Kp/Ux,P(Qp) which we regard as a sub-
group of Mx,P(Qp) via the canonical splitting Px,P/Ux,P = Mx,P →֒
Px,P. Recall from lemma 3.4 that the equation Hp(µx,P(p
−1)) = 0 is
valid in H(Mx,P(Qp)//Lp,Q). By using lemma 2.1 this is the same as
saying that
0 =
∑
i,j
n
(j)
i µx,P(p
−i)m
(j)
i Lp,
holds in H(Mx,P(Qp)/Lp,Q). Now fix a set of representatives R ⊂
Mx,P(Qp) for the left coset decomposition Mx,P(Qp) =
⋃
r∈R rLp. Con-
sequently the previous equation implies that
0 =
∑
i,j
n
(j)
i r
(j)
i (Kp ∩ Px,P(Qp))
holds in H(Px,P(Qp)/Kp ∩ Px,P(Qp),Q), if the r(j)i ∈ R denote the
representatives for the Lp-cosets µx,P(p
−i)m
(j)
i Lp. It follows
0 =
∑
i,j
n
(j)
i [gr
(j)
i K × h]
as elements in Z0(M×Qalgcl). As r(j)i and µx,P(p−i)g(j)i have like image
in Mx,P(Qp)/Lp there exist u
(j)
i ∈ Ux,P(Qp) with
r
(j)
i Kp = u
(j)
i µx,P(p
−i)g
(j)
i Kp.
Upon combining with
[gr
(j)
i K × h] = [gµx,P(p−i)g(j)i × h]
one gets (3).
Now the Hecke correspondences ιp(Ai)|M◦p×M◦p are finite by lemma 4.8,
so lemma B.1 can be used to compute
0 = σ(
∑
i
xγ
i
P .ιp(Ai)) =
∑
i
σ(xγ
i
P).ιp(Ai)
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And finally the compatibility of specialization with base change to-
gether with lemma A.5 tells us that∑
i
σ(xγ
i
P).ιp(Ai) =
∑
i
x.Γip.ιp(Ai)
this concludes the proof. 
5. Examples of canonical models with (NV C)
We describe a particular Shimura datum: Let D be a definite Q-
quaternion algebra, let OD be a maximal order and write ·¯ for the
standard involution. Let
⊕2
i=1ODei ⊕ODfi be the free OD-module of
rank 4, endow it with a Z-valued form by: (
∑2
i=1 aiei+bifi,
∑2
i=1 a
′
iei+
b′ifi) = trD/Q(
∑2
i=1 aib¯
′
i − bia¯′i). Let GD be the group Z-scheme of OD-
linear similitudes of this skew-Hermitian OD-module. Let G◦D be the
connected component. A conjugacy class X of maps from C× to G◦D(R)
is provided by making h(a+
√−1b) send ei to aei−bfi and fi to bei+afi.
The reductive group GD × Q is an inner form of the split GO(8), the
pair (G◦D ×Q, X) is a Shimura datum, one checks that dimX = 6.
Theorem 5.1. Let (G, Y ) be a Shimura datum. Assume that dim Y =
5 or dim Y = 6. Assume also that there exists an imbedding G →֒
G◦D×Q taking Y to the conjugacy classX. Then KM(G, Y ) has (NV C)
for any neat compact open subgroup K ⊂ G(A∞).
Proof. IfK and i are given one finds a level structure H ⊂ G◦D(A∞) giv-
ing rise to a closed immersionM = KM(G, Y ) →֒ A = HM(G◦D×Q, X)
Let K = KQ ×
∏
p/∈QKp, and H = HQ ×
∏
p/∈QG
◦
D(Zp), be factoriza-
tions with Q a finite set such that Kp and G
◦
D(Zp) are hyperspecial for
p /∈ Q. The canonical model A has a moduli interpretation of PEL
type, see [14, chapter 5] for details, it gives rise to an integral model
A. Let M be the Zariski closure of M in A. We set Sp for the super-
singular locus of Ap, for some p /∈ Q. To an element g ∈ G(Qp) we
consider the diagram
Tp(i(g)) p1−−−→ Apx
x
Tp(g) p1−−−→ Mp
as we did in the proof of lemma 4.8. Using methods of Katsura and
Oort one can check that
• dimSp = 2,
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• over any point η ∈ Ap − Sp the fibers of the projection map p1
are finite,
see [4, theorem 2.4] and [4, corollary 2.7] for full details. We can now
show that p : T p(g)→ Mp is generically finite. Let C be an irreducible
component of T p(g). Let η be the generic point of C. If p1 maps η to a
point not in Sp we are done as the fibers over Ap − Sp are finite. If p1
does map η into Sp, one must have C ⊂ Sp × Sp, as supersingularity
is an isogeny invariant. By flatness of Tp(g) we have dimC = 5 or
dimC = 6, contradicting dimSp × Sp = 4. 
Remark 5.2. Using Clifford algebras in the way Satake does in [17],
one can indeed show that 5-dimensional Shimura data (G, Y ) as in the
theorem exist. Such a G is the spinor similitude group of a certain 7-
dimensional quadratic Q-space of signature (2, 5), moreover, by an easy
application of Meyer’s theorem the spinor similitude group of every Q-
form of the quadratic R-space of signature (2, 5) can be imbedded into
GD, for some D that depends on the quadratic Q-space.
Appendix A. The algebra of correspondences
This appendix is devoted to some elementary properties of the al-
gebra of correspondences. Recall some concepts from the theory of
algebraic cycles: To every algebraic variety X over a field one can at-
tach abelian groups Zn(X) and An(X). The group of n-cycles Zn(X)
is defined as the free abelian group generated by all irreducible n-
dimensional subvarieties of X . The divisors of functions on all n + 1-
dimensional subvarieties generate the subgroup of cycles that are ra-
tionally equivalent to 0. The quotient of Zn(X) by this subgroup is
An(X). In [12, chapter 20] it is explained how to extend these con-
cepts to any noetherian universally catenary scheme X . A cycle is still
a formal sum of closed irreducible subschemes, but the Krull dimension
of the summands is not useful to define the dimension of the cycle. One
rather fixes a morphism p : X → S to an auxiliary base scheme S and
defines Zn(X /S), the group of n-cycles of X relative to S, to be the
free abelian group generated by all closed irreducible C →֒ X which
satisfy
trdeg(k(η)/k(p(η)))− codimS p(η) = n
if η is the generic point of C. The expression on the left is called the
relative dimension of C and denoted dimS C, it may very well be a
negative number, finally we denote the support of some C ∈ Zn(X /S)
by |C| ⊂ X . In the following we will stick to the special case S =
SpecR, with R either a discrete valuation domain or a field. Again
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by [12, chapter 20] one knows that most of the basic facts of intersection
theory, for example those proved in [12, chapters 1-6] remain valid in
this context. This means in particular that:
(I) if all irreducible components of X have the same relative dimen-
sion n over S then X has a fundamental cycle [X ] ∈ Zn(X /S)
(II) there is a notion of rational equivalence of cycles of relative di-
mension n over S, which is used to define the quotient An(X /S)
of Zn(X /S), and if no irreducible component of X has rela-
tive dimension strictly larger than n, the canonical map from
Zn(X /S) to An(X /S) is a bijection.
(III) for every proper morphism f : X → Y of schemes over S,
there is a proper push-forward f∗ : Zn(X /S)→ Zn(Y/S) which
passes to rational equivalence to define a map f∗ : An(X /S)→
An(Y/S)
(IV) one can define an exterior product ×S : Zn(X /S)×Zm(Y/S)→
Zn+m(X ×S Y) which also passes to a product of cycles up to
rational equivalence
(V) for every regular embedding i : X →֒ Y of schemes over S there
is a refined Gysin map i! : An(Y ′/S) → An−d(X ′/S), with Y ′
any scheme over Y , X ′ = X ×Y Y ′ and d the codimension of the
embedding i
(VI) for any open subscheme U ⊂ X one can restrict cycles from
X to U in order to obtain maps |U : Zn(X /S) → Zn(U/S)
and |U : An(X /S) → An(U/S), these are special cases of flat
pull-back maps (which we will not use).
It will be handy to have a special notation for certain sets of corre-
spondences:
Definition A.1. Let X and Y be smooth d-dimensional algebraic va-
rieties over k.
• A correspondence C from X to Y is a d-cycle
C =
∑
i
ni[Vi]
in X ×k Y which is supported on some closed d-dimensional
subvariety |C| ⊂ X ×k Y , such that both projection maps pX :
|C| → X and pY : |C| → Y are proper. We write C ∼ 0 if
|C| is contained in some closed subvariety S ⊂ X ×k Y , such
that both projection maps pX : S → X and pY : S → Y are
proper, and C vanishes in Ad(S). Let C(X, Y ) be the abelian
group of all correspondences from X to Y , and let Crat(X, Y )
be its quotient by the equivalence relation ∼.
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• An element C ∈ C(X, Y ) is called a finite correspondence if the
projection maps pX : |C| → X and pY : |C| → Y are finite. Let
Cfin(X, Y ) denote the subgroup of finite correspondences from
X to Y .
• Let R be a discrete valuation ring and let X and Y be schemes
over R which are smooth of relative dimension d, and let X and
Y be their generic fibers. Consider a cycle C ∈ Zd(X×kY ) and
let |C| be the Zariski closure of |C| in X ×R Y. We call C a
correspondence from X to Y if the projection maps from |C| to
the factors X and Y are proper. Let C(X ,Y) denote the abelian
group of all correspondences from X to Y. Furthermore, we let
Cfin(X ,Y) be the subgroup of correspondences the closure of
whose supports are finite over both X and Y, while Crat(X ,Y)
denotes the quotient of C(X ,Y) by the subgroup of C that vanish
in some Ad(S/R) for some closed S ⊂ X ×R Y which is proper
over X and Y, and contains |C|.
Note the natural maps Cfin(X, Y ) →֒ C(X, Y ) ։ Crat(X, Y ) and
Cfin(X ,Y) →֒ C(X ,Y)։ Crat(X ,Y). We sketch how elements in Crat
can be multiplied: Consider smooth d-dimensional algebraic varieties
X , Y and Z over k, and reduced closed subvarieties S →֒ X ×k Y and
T →֒ Y ×k Z. If each of S and T is proper over the factors, than so is
the natural map p : S ×Y T → X ×k Z, in which case we let S ∗ T be
its (mere set-theoretic) image. Observe that S ∗ T is a Zariski closed
subset of X ×k Z, of which the reduced induced subscheme structure
is proper over X and Z. Given any C ∈ Ad(S) and D ∈ Ad(T ), we
consider the Cartesian square
S ×Y T −−−→ X ×k Y ×k Zy i
y
S ×k T −−−→ X ×k Y ×k Y ×k Z
with associated refined Gysin map (cf. [12, chapter 6])
i! : A2d(S ×k T )→ Ad(S ×Y T ),
and push forward:
p∗ : Ad(S ×Y T )→ Ad(S ∗ T )
We let the product C.D be the element of Crat(X,Z) which is defined
by:
p∗(i
!(C ×D)) ∈ Ad(S ∗ T ),
and similarly we obtain the bilinear map
Crat(X ,Y)× Crat(Y ,Z)→ Crat(X ,Z)
THE CONGRUENCE RELATION IN THE NON-PEL CASE 25
for smooth R-schemes X , Y and Z.
Remark A.2. Consider correspondences C ∈ C(X, Y ) andD ∈ C(Y, Z).
If at least one of them is finite, then the above procedure can be used
to define a product C.D ∈ C(X,Z). This is due to dim(|C| ∗ |D|) ≤ d
in this case, so that Ad(|C|∗ |D|) = Zd(|C|∗ |D|). Similarly finite corre-
spondences C ∈ Cfin(X, Y ), and D ∈ Cfin(Y, Z) give rise to a product
C.D ∈ Cfin(X,Z), as |C.D| ⊂ |C| ∗ |D|.
Let us check the associativity:
Lemma A.3. Let X, Y , Z and W be smooth d-dimensional vari-
eties over a field k. Let C ∈ Crat(X, Y ), D ∈ Crat(Y, Z) and E ∈
Crat(Z,W ). Then (C.D).E = C.(D.E)
Proof. By slight abuse of notation we denote suitable representatives of
C, D and E in C(X, Y ), C(Y, Z) and C(Z,W ) by the same letter, and
we write |C|, |D| and |E| for their supports. Let B ∈ Ad(|C|×Y |D|) be
the Gysin pull back of C×D along X×k Y ×k Z → X×k Y ×k Y ×kZ.
Consider the following commutative diagram in which the squares are
Cartesian.
|C| ×Y |D| ×Z |E| −−−→ |C| ×Y |D| ×k |E|
q
y p
y
(|C| ∗ |D|)×Z |E| −−−→ (|C| ∗ |D|)×k |E|y
y
X ×k Z ×k W i−−−→ X ×k Z ×k Z ×k Wy
X ×k W
Put A = i!(B×E) ∈ Ad(|C|×Y |D|×Z |E|). By [12, theorem 6.2.(a)] one
has q∗A = i
!p∗(B×E). This shows that (C.D).E = pXW∗A. Here pXW
is the obvious map from |C|×Y |D|×Z |E| to |C| ∗ |D| ∗ |E| ⊂ X×kW .
On the other hand, if j denotes the map from X ×k Y ×k Z ×k W to
X ×k Y ×k Y ×k Z ×k Z ×k W one gets from the diagram
|C| ×Y |D| ×Z |E| −−−→ X ×k Y ×k Z ×k Wy
y
|C| ×Y |D| ×k |E| −−−→ X ×k Y ×k Z ×k Z ×k Wy
y
|C| ×k |D| ×k |E| −−−→ X ×k Y ×k Y ×k Z ×k Z ×k W
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that A = j!(C × D × E). A variant of the above argument shows
that one has also C.(D.E) = pXW∗j
!(C × D × E) which proves the
lemma. 
Definition A.4. Let X and Y be smooth algebraic varieties over k of
dimension d. Let P ∈ Zn(X), and C ∈ Cfin(X, Y ). Let |P | ⊂ X, and
|C| ⊂ X ×k Y be their supports. Consider the Cartesian square
|P | ×X |C| −−−→ X ×k Yy i
y
|P | ×k |C| −−−→ X ×k X ×k Y
with associated refined Gysin map:
i! : An+d(|P | ×k |C|)→ An(|P | ×X |C|) = Zn(|P | ×X |C|),
here the equation An(. . . ) = Zn(. . . ) is due to dim(|P | ×X |C|) = n by
finiteness of C. Consider further the natural map p : |P | ×X |C| → Y ,
it is finite as |C| is finite over Y . Let |P | ∗ |C| ⊂ Y be the image of p,
with associated push forward:
p∗ : Zn(|P | ×X |C|)→ Zn(|P | ∗ |C|)
Then the element P.C = p∗(i
!(P × C)) ∈ Zn(|P | ∗ |C|) constitutes an
element in Zn(Y ) which is called the product of P with C.
Finite correspondences act on n-cycles: If P is a n-cycle of X and
C ∈ Cfin(X, Y ) and D ∈ Cfin(Y, Z), then one has (P.C).D = P.(C.D).
Occasionally it is useful to consider cycles which are only defined over
some extension of the ground field: Let l/k be a finite field extension
and define a base change map
×kl : Zn(X) →֒ Zn(X ×k l)
by sending a cycle C to the exterior product C × [Spec l]. It is a
fact that this operation is compatible with the constructions in this
subsection i.e. ×kl maps C(X, Y ) into C(X×k l, Y ×k l) and commutes
with products and preserves the subgroups of correspondences that are
finite or rationally equivalent to 0. If one fixes an algebraic closure kalgcl
of k, then one can carry this over to the limit over all finite extensions
to thus arrive at an inclusion Zn(X) →֒ Zn(X ×k kalgcl) and similarly
C(X, Y ) →֒ C(X ×k kalgcl, Y ×k kalgcl). On these groups there is an
action of the automorphism group of kalgcl/k.
Let X be a variety defined over Fq, and assume it is equidimensional
of dimension d. We define a particular d-cycle Γq ∈ Zd(X ×Fq X) as
the graph of the geometric Frobenius map x 7→ xq. Indeed one has
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Γq ∈ Cfin(X,X) because the Frobenius morphism is a finite map. The
proof of the following lemma is clear:
Lemma A.5. Let X be a d-dimensional variety over Fq. Let γq ∈
Gal(Falgclq /Fq) be the arithmetic Frobenius automorphism. Then one
has for all x ∈ Z0(X ×Fq Falgclq ):
x.Γq = x
γq
Let us us say that some C ∈ C(X, Y ) is generically finite if both
projection maps pX : |C| → X and pY : |C| → Y have that property.
Lemma A.6. Let X and Y be smooth d-dimensional varieties over
k. Assume that k is algebraically closed, and let C be a generically
finite correspondence from X to Y . Assume that there are given open
dense subvarieties X◦ ⊂ X and Y ◦ ⊂ Y , such that the restriction C◦ =
C|X◦×kY ◦ is an element of Cfin(X◦, Y ◦). Assume that x.C◦ vanishes
for all closed points x ∈ X◦. Then C vanishes.
Proof. It is clear that C vanishes if and only if C◦ does, so we may
assume without loss of generality that X◦ = X and Y ◦ = Y . Assume
C was not zero and write it as C =
∑
ni[Vi] with nonzero ni and
mutually different Vi. Write pX for the projection onto the factor X
and consider the set F = pX(V1 ∩ (
⋃
i 6=1 Vi)). It is a Zariski closed
subset of X of dimension strictly smaller than d. We may pick a closed
point x ∈ X − F , which leads to x.C = n1x.[V1] +
∑
i 6=1 nix.[Vi]. The
supports of the 0-cycles x.[V1] and
∑
i 6=1 nix.[Vi] are disjoint, but we
certainly have x.[V1] 6= 0. The contradiction x.C 6= 0 follows. 
Appendix B. Specialization of cycles
So far we have only considered varieties over fields, now let X be a
scheme over a discrete valuation ring R with generic fiberX and special
fiber X . We need to specialize cycles in X to cycles in X . If X is flat
over R the special fiber becomes a Cartier divisor of X and we want
to think of the specialization process as a special case of the operation
to intersect a cycle with a Cartier divisor. In the equal characteristic
case this operation is introduced in [12, definition/remark 2.3], but the
supplements in [12, chapter 20] show again that it also exists in the
slightly more general setting of a scheme X over an arbitrary -possibly
mixed characteristic- discrete valuation ring. We let D be a Cartier
divisor of X write |D| for its support and let U be the complement of
|D| in X . Define a map
Zn(U/R)→ Zn−1(|D|/R);α 7→ D.α
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by the following considerations: D determines a line bundle O(D).
On U this line bundle is canonically trivialized i.e. we have a on U
nowhere vanishing section s ∈ Γ(U,O(D)). Without loss of generality
we may assume that our n-cycle α is of the form [C] with C ⊂ U
being closed irreducible of relative dimension n over R. Let C be the
Zariski closure of C in X . By restricting O(D) and s one obtains a
line bundle L on C which is trivialized on the set U ∩ C. The pair L
together with its given trivialization over U ∩ C constitutes a so-called
pseudo-divisor. It therefore has an associated Weil divisor (cf. [12,
lemma 2.2(a)]) which one can write as a sum W =
∑
ni[Wi], in which
every Wi is of codimension one in C, hence of relative dimension n− 1
over R. One defines D.α to be W . In the special case D = X one just
has to note that U is X , that both X and X are varieties defined over
fields, namely the fraction and the residue field of R and that one has
natural equalities
Zn(X/R) = Zn(X)
and
Zn−1(X/R) = Zn(X)
so that the intersection with X defines a map
σ : Zn(X)→ Zn(X)
which is called the specialization map. Note that in this special case
the occurring divisors and pseudo-divisors are principal, namely the
ones defined by a uniformizer of R, say π. Thus the computation of
σ(C) boils down to taking the Weil divisor of π on C which is the same
as the fundamental cycle of the closed subscheme which it defines, i.e.
we have that σ(C) = W = [C], if C = C ×R R/π denotes the special
fiber of C.
We will need to check the compatibility of σ with the various product
operations defined in the last subsection. For doing this yet another
description of σ, namely one in terms of the refined Gysin map will
prove to be useful. Consider a cycle C ∈ Zn(X), let C be the same
cycle regarded as an element in Zn(X /R). Let |C| ⊂ X be the support
of C, let |C| be the support of C, |C| is the Zariski closure of |C| in X ,
let finally |C| be the special fiber of |C|. Corresponding to the regular
embedding i : Spec k →֒ SpecR, which has codimension one, there is a
refined Gysin map
i! : An(|C|/R)→ An−1(|C|/R).
However, because |C|, and |C| have relative dimensions n and n−1 over
R, we have An(|C|/R) = Zn(|C|/R) and An−1(|C|/R) = Zn−1(|C|/R),
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so that i!(C) is a honest relative n− 1-cycle in |C| over R, now use the
obvious inclusions
Zn(|C|/R) = Zn(|C|) ⊂ Zn(X)
Zn−1(|C|/R) = Zn(|C|) ⊂ Zn(X)
to recover σ(C) from i!(C). Note also that the specialization map com-
mutes with base change to a bigger discrete valuation ring R′. One
could deduce this from [12, proposition 2.3(d)], but let us argue di-
rectly: Consider X ′ = X ×R R′ and write X ′ and X ′ for the generic
and special fiber of X ′. We want to settle the commutativity of the
diagram
Zn(X)
σ−−−→ Zn(X)
×KK
′
y ×kk′
y
Zn(X
′)
σ−−−→ Zn(X ′)
in which K ′/K and k′/k denote the fraction and residue field extensions
corresponding toR′/R. The fundamental cycle of any closed irreducible
C ⊂ X with Zariski closure C ⊂ X specializes to [C ×R k] and base
changes to [C ×K K ′]. It is then evident that C ×R R′ is the Zariski
closure of C ×K K ′ so that this cycle specializes to [(C ×RR′)×R′ k′] =
[C ×R k′] = σ([C]) ×k k′. We will frequently consider K ′ = Kalgcl and
want to choose a valuation ring R′ of K ′ which dominates R. As R′
may not be discrete one cannot apply the above recipe directly, but
observe that every element of Zn(X ×K Kalgcl) is actually defined over
some finite extension of K which will cut out a subring of R′ which is
a discrete valuation ring. This consideration sets up a map
σ : Zn(X ×K Kalgcl)→ Zn(X ×k kalgcl)
which we will still call the specialization map. Here kalgcl is the residue
field of R′.
At last notice, that we also may specialize correspondences between
smooth d-dimensional R-schemes X and Y to their respective special
fibers X and Y , to yield linear maps:
σfin : Cfin(X ,Y)→ Cfin(X, Y )
and
σrat : Crat(X ,Y)→ Crat(X, Y ),
of which we want to check the multiplicativity:
Lemma B.1. Let R be a discrete valuation ring with fraction field K
and residue field k.
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• Let X , Y and Z be smooth of relative dimension d over R. Let
X, Y , Z be the generic and X, Y and Z be the special fibers.
Let C ∈ Crat(X ,Y) and D ∈ Crat(Y ,Z). Then one has
σrat(C.D) = σrat(C).σrat(D)
• Let X ,Y/R be as before. Consider a n-cycle P ∈ Zn(X) and a
finite correspondence C ∈ Cfin(X ,Y). Then σ(P ).σfin(C) and
P.C are well-defined and
σ(P.C) = σ(P ).σfin(C)
holds in Zn(Y ).
Proof. Let us choose representatives C ∈ Zd(S/R) and D ∈ Zd(T /R)
for suitable closed S ⊂ X ×RY and T ⊂ Y×RZ, which are proper over
each of the factors X , Y and Z. Let C ×D be their exterior product in
Z2d(S ×R T /R). Consider its Gysin pull-back along X ×R Y ×R Z →
X ×R Y ×R Y ×R Z and call it B. Let B ∈ Ad(S ×Y T ) be the Gysin
pull-back of C ×D along X ×k Y ×k Z → X ×k Y ×k Y ×k Z, where
S := S ×R k and T := T ×R k. Consider the following commutative
diagram:
Spec k
i−−−→ SpecRx
x
S ×k T −−−→ S ×R T −−−→ X ×R Y ×R Y ×R Zx
x
x
S ×Y T −−−→ S ×Y T −−−→ X ×R Y ×R Z
By [12, Theorem 6.4.] it allows to conclude that i!(B) is the same as
B. This does not yet prove that σrat(C.D) = σrat(C).σrat(D), but the
diagram
S ×Y T −−−→ S ×Y T
pXZ
y pXZ
y
X ×k Z −−−→ X ×R Zy
y
Spec k
i−−−→ SpecR
shows σrat(C).σrat(D) = pXZ∗(B) = pXZ∗(i
!B) = i!pXZ∗(B) = σrat(C.D)
according to [12, theorem 6.2.(a)].
The proof of the second part of the lemma is exactly analogous. 
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